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1. Introduction
A ﬁnite group in which each subgroup is normal is a Dedekind group and one in which each
subgroup is subnormal is nilpotent. These conditions have been generalised in a number of ways.
Romalis and Sesekin investigated metahamiltonian groups, groups in which each subgroup is nor-
mal or abelian [14,15]. Russo and Vincenzi considered groups in which each subgroup is normal or
a T -group [16], while de Falco, de Giovanni, Musella and Schmidt considered a lattice theoretic ana-
logue of metahamiltonian groups [6].
Kemhadze investigated the structure of ﬁnite groups in which each subgroup is either subnormal
or nilpotent [12], as did Phillips and Wilson, who gave necessary conditions [13, Lemma 7] and a de-
tailed description of such groups with trivial centre [13, Proposition 2]. Such groups are very close to
being nilpotent: it is easy to deduce from the results of Phillips and Wilson that they have a comple-
mented chief factor with nilpotent complement. Finally, de Giovanni, Russo, and Vincenzi considered
groups whose non-subnormal subgroups have a transitive normality relation [7].
Our aim in this paper is to consider the structure of ﬁnite groups whose non-subnormal subgroups
lie in some restricted classes of groups. All the classes we consider appear to be subclasses of the
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the class of T -groups. T -groups are groups in which normality of subgroups is transitive, PT-groups
are groups in which permutability is transitive and PST-groups are groups in which the property
of permuting with Sylow subgroups is transitive. The structure of such groups has been extensively
investigated, with many characterisations of these classes available (see, for instance, [1–5,9,18]).
For each of these classes we give a detailed description of the possible structure of such groups.
As in the nilpotent case it is not diﬃcult to see that there is a complemented chief factor with com-
plement in the given class. However it is also easy to construct examples to show that a group with
a complemented chief factor having a complement in the given class is not suﬃcient to ensure that
all non-subnormal subgroups lie in the given class. We analyse the way in which a complement acts
on the complemented chief factor and are able to describe this action in enough detail to characterise
the groups in each class. The description of the action also depends on whether the complemented
chief factor is a minimal normal subgroup or not and has to be divided into a number of cases, which
makes the statements of the theorems rather long and technical.
Theorem 1. Let G be a ﬁnite group and suppose that G is not supersoluble. Then each subgroup of G is sub-
normal or supersoluble if and only if (i) and one of (ii), (iii), (iv) below hold.
(i) The supersoluble residual M of G is a p-group for some prime p and M is either a minimal normal sub-
group of G or a special p-group with M/M ′ a chief factor of G (set |M/M ′| = pn). If E is a supersoluble
projector of G then G = ME and E ∩ M = M ′ . Further, if C = CE (M/M ′) then C contains no non-central
complemented chief factors of G.
Let N be the nilpotent residual of E and F a nilpotent projector of E.
(ii) If N is not contained in M ′ , then |NC/C | = q for some prime q = p. Let pα be the highest power of p
dividing q − 1 and let d be the greatest common divisor of p − 1 and q − 1. Then F/(F ∩ C) is abelian
of exponent dividing pα(p − 1). If Z = CFC (NC/C) then Z/C is cyclic of order dividing p − 1 and FC/Z
is cyclic of order dividing pαd. Further, either p has order n modulo q or q divides p − 1 and n is a prime
number with p = n = q.
(iii) If N is contained in M ′ and E/C is non-abelian then (E/C)q (the Sylow q-subgroup of E/C ) is isomorphic
to a non-abelian subgroup of GLq(p) for some prime q = p with q dividing p − 1, the Hall q′-subgroup
of E/C is cyclic and n = q.
(iv) If N is contained in M ′ and E/C is abelian then E/C is cyclic of order prime to p. If q is a prime divisor
of |E/C | then either |(E/C)q| divides p−1 or M/M ′ is irreducible as (E/C)q-module (and there is at least
one prime q for which M/M ′ is irreducible as (E/C)q-module). For primes q such that M/M ′ is irreducible
as (E/C)q-module, if q divides p − 1 then n = q (and hence there is at most one such q) and if q does not
divide p − 1, then p has order n modulo q.
Note for the non-supersoluble groups with every subgroup subnormal or supersoluble, the com-
plemented chief factor is uniquely determined. For the remaining classes this is true for the non-
supersoluble groups in the class, but not necessarily true for the supersoluble groups in the class.
Theorem 2. Let G be a ﬁnite group and suppose that G is not a PST-group. Then each subgroup of G is sub-
normal or a PST-group if and only if it satisﬁes one of the conditions (a), (b) below. Let M be the supersoluble
residual of G, E a supersoluble projector of G, C = CE (M/M ′), N the nilpotent residual of E and F a nilpotent
projector of E.
(a) If M = 1 (so that E = G) then N is a q-group for some prime q and either N is a minimal normal subgroup
of G and q divides |F | or N is elementary abelian of order q2 , q does not divide |F | and F does not act as
power automorphisms on N.
(b) If M = 1 then, for some prime p, M is a p-group and either M is a minimal normal subgroup of G or
a special p-group with M/M ′ a chief factor of G. Moreover M∩ E = M ′ and G satisﬁes one of the following
conditions.
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a cyclic p-group and p has order n modulo q (where |M/M ′| = pn).
(ii) If M = 1 and N is contained in M ′ and E/C is not abelian, then M is a minimal normal subgroup of G
of order p2 (and so N = 1), E has order prime to p and E/C is the direct product of a non-abelian
2-subgroup of GL2(p) and a cyclic group of odd order.
(iii) If M = 1, N is contained in M ′ and E/C is abelian, then E/C satisﬁes the conditions of Theorem 1(iv).
If p − 1 is not coprime to |E/C | then M is a minimal normal subgroup of G.
The distinction between PST-, PT-, and T -groups can be given by restrictions on the structure of
their Sylow subgroups (see, for instance, [2,4]) and the same restrictions on the Sylow subgroups of
a supersoluble projector distinguish the groups in which the non-subnormal subgroups lie in these
classes.
Corollary 1. Let G be a ﬁnite group and suppose that G is not a PT-group. Then each subgroup is subnormal or
a PT-group if and only if G satisﬁes one of the following conditions.
(i) G is nilpotent.
(ii) Every subgroup of G is subnormal or a PST-group, G satisﬁes (b)+ (ii), (b)+ (iii) or (a) of Theorem 2 and
a supersoluble projector of G has all Sylow subgroups modular groups.
Corollary 2. Let G be a ﬁnite group and suppose that G is not a T -group. Then each subgroup of G is subnormal
or a T -group if and only if G satisﬁes one of the following conditions.
(i) G is nilpotent.
(ii) Every subgroup of G is subnormal or a PST-group, G satisﬁes (b)+ (ii), (b)+ (iii) or (a) of Theorem 2 and
a supersoluble projector of G has all Sylow subgroups Dedekind groups.
Our last result extends the results of Kemhadze [12] and of Phillips and Wilson [13, Lemma 7]. We
characterise groups in which every non-subnormal subgroup is nilpotent.
Theorem 3. Let G be a ﬁnite group and suppose that G is not nilpotent. Then each subgroup of G is subnormal
or nilpotent if and only if G satisﬁes the following conditions.
(i) Let M be the nilpotent residual of G and F a nilpotent projector of G. Then M is a p-group for some prime p
and either M is a special p-group with M/M ′ a chief factor of G or M is a minimal normal subgroup of G.
(ii) If C = CF (M/M ′) and |M/M ′| = pn then F/C is cyclic of order dividing pn − 1 and if q is a prime divisor
of |F/C | then p has order n modulo q.
2. Proofs
We consider only ﬁnite groups in this paper. We give each of the classes of groups we consider
a name for convenience: F will denote the class in which each subgroup is subnormal or supersol-
uble, G will denote the class in which each subgroup is subnormal or a PST-group, H the class in
which each subgroup is subnormal or a PT-group, J the class in which each subgroup is subnormal
or a T -group and Δ the class in which each subgroup is subnormal or nilpotent. We begin by observ-
ing that the classes F , G , H, J and Δ are all quotient and subgroup closed classes; we will use these
facts without further comment. We note also that all groups in F are soluble. This follows easily from
the fact that a minimal insoluble group in F would be simple and hence has all its proper subgroups
supersoluble. But then a theorem of Huppert [10, VI, 9.6] says that a group with all proper subgroups
supersoluble cannot be simple. Hence for the remainder of this paper all groups will be ﬁnite and soluble.
Finally we observe that J ⊂ H ⊂ G ⊂ F and Δ ⊂ F and it is easy to construct examples to show
that all these inclusions are proper. We leave the details to the reader.
A. Ballester-Bolinches, J. Cossey / Journal of Algebra 321 (2009) 2042–2052 2045We will assume familiarity with the fundamental ideas and results in the theory of saturated
formations and the representation theory of ﬁnite soluble groups such as can be found in [8]. Any
unexplained terms can be found there.
The proofs of the theorems rely to a large extent on analysing the properties of complemented
chief factors and their complements. In particular we will use the following easy observation without
further comment.
Lemma 1. Let G be a group, H/K a complemented chief factor with complement C . Then the following are
equivalent:
(i) C is subnormal in G;
(ii) C is normal in G;
(iii) H/K is a central chief factor.
Proof. Since C is a maximal subgroup of G , the equivalence of (i) and (ii) is clear. Since C is normal
if and only if [C, H] K , the equivalence of (ii) and (iii) follows. 
The following results are also needed.
Lemma 2. Let A be a (not necessarily soluble) group and B a normal subgroup of A such that |A : B| = r,
r a prime. Assume that M is an irreducible and faithful A-module over GF(p), the ﬁeld of p elements, such that
the restriction MB of M to B is a direct sum of one-dimensional irreducibles. If r divides p − 1 and M is not
one-dimensional, then dimM = r.
Proof. Let M1 be an irreducible B-submodule of M . Then by [11, VII, 4.4], we have that M is a quo-
tient of (M1)A , the induced module of M1 from B up to A. Hence n = dimM  dim(M1)A = r. We
distinguish two cases:
Case 1: exp(A) does not divide p − 1.
Let a be an element of A whose order does not divide p−1. Since B is abelian of exponent dividing
p − 1, it follows that a /∈ B . This implies that A = 〈a〉B and |〈a〉 : 〈a〉 ∩ B| = r. Let r f be the highest
power of r dividing |〈a〉 ∩ B|. If r does not divide |〈a〉 ∩ B|, then |〈a〉| divides p − 1, a contradiction.
Thus f > 0. It is clear that r f is the highest power of r dividing p − 1.
We consider M as 〈a〉-module. Note that M〈a〉 is completely reducible because p does not di-
vide |〈a〉| [8, B, 4.5]. If M〈a〉 were a direct sum of one-dimensional irreducibles, then |〈a〉| would divide
p−1, a contradiction. Hence M〈a〉 has an irreducible submodule T whose dimension is greater than 1.
Assume T = M . Then |〈a〉| divides pn − 1 because M is faithful. Since r f+1 does not divide p − 1, it
follows that r divides pn−1 + pn−2 + · · · + p + 1 and so r divides n. In particular, r = n. Suppose
that T is a proper subgroup of M . Then C〈a〉(T ) is contained in 〈a〉 ∩ B because dim T > 1. Therefore
T is an irreducible and faithful 〈a〉/C〈a〉(T )-module such that the restriction to (〈a〉 ∩ B)/C〈a〉(T ) is
a direct sum of one-dimensional irreducibles. By the above argument, we have that r  dim T and
dim T = dimM , a contradiction. Consequently, M〈a〉 is irreducible and dimM = r.
Case 2: exp(A) divides p − 1.
By a theorem of Brauer, GF(p) is a splitting ﬁeld for A and all its subgroups (see [8, B, 5.21]). Now
we apply [8, B, 7.14] to conclude that dimM divides |A : B|dimGF(p)(W ) for an irreducible submodule
of MB . Consequently dimM = r. 
Applying [8, B, 5.15] and [10, V, 18.15], we have:
Lemma 3. Over a ﬁeld of characteristic prime to p, p a prime number, a faithful irreducible module for a
non-abelian p-group must have dimension divisible by p.
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q-group and V is an irreducible and faithful E-module over GF(p). Then there exists a non-central subgroup X
of E of order p such that V X has at least two non-isomorphic faithful and irreducible X-submodules.
Proof. We use induction on |E|. By [8, B, 9.4] we have that Z(E) is cyclic and if Z is the subgroup
of order p contained in Z(E) then V Z is a direct sum of one-dimensional irreducibles. Since V is
E-irreducible, we can ﬁnd subnormal subgroups A and B of E such that B is normal in A, |A : B| = q,
V A is irreducible and V B is a direct sum of one-dimensional irreducibles. Applying Lemma 2, we have
that dim V = q. Consequently for every subgroup H of E we have that either VH is irreducible or VH
is a direct sum of one-dimensional irreducibles.
On the other hand, by [10, III, 12.2], E contains a non-central subgroup of order q, X = 〈x〉 say.
Let y be an element of E such that [x, y] = 1. Suppose that 〈x, y〉 is a proper subgroup of E . Let M
be a maximal subgroup of E containing 〈x, y〉. Then M is non-abelian and so VM is irreducible. By
induction, M has a non-central subgroup of order q satisfying the thesis of the lemma. Therefore
we may assume E = 〈x, y〉. Let R be a maximal subgroup of E such that y ∈ R . Then E = RX and
R ∩ X = 1. If R were non-abelian, we would get the result by induction. Consequently we may as-
sume that R is abelian. Let F be a splitting ﬁeld for G and its subgroups which is an extension
of GF(p). Then V0 = V F is not irreducible as R-module by [8, B, 9.2]. Therefore V0 ∼= W E for some
one-dimensional R-submodule W of V0. By Mackey’s theorem [8, B, 6.20], (V0)X is isomorphic to
a direct sum of copies of the regular F X-module. By [8, B, 5.25], V X is a direct sum of copies of the
regular GF(p)X-module. Then the lemma follows from the fact that q is odd. 
There are many characterisations of the classes of PST-groups, PT-groups and T -groups. We will
use the ones given by the following lemma.
Lemma 5.
(i) (See [1].) A group G is a PST-group if and only if the nilpotent residual of G is an abelian Hall subgroup on
which a nilpotent projector acts as power automorphisms.
(ii) (See [2].) A group G is a PT-group if and only if it is a PST-group and all its Sylow subgroups are modular
groups.
(iii) (See [2].) A group G is a T -group if and only if it is a PST-group and all its Sylow subgroups are Dedekind
groups.
(iv) (See [2].) A group G is a PST-group if and only if G is supersoluble and for every prime p all p-chief factors
of G are G-isomorphic.
Proof of Theorem1. Suppose that G ∈ F and also that G is not supersoluble. Then, by [8, IV, 5.8] there
exists a maximal subgroup E of G such that G = F (G)E and G/C is not supersoluble, where C is the
core of E in G . Since E cannot be subnormal in G , it follows that E is supersoluble. Consequently E
is a supersoluble projector of G . Let 1 = M be the supersoluble residual of G . Then G = ME and M is
contained in F (G). Moreover there exists a minimal normal subgroup T /Φ(G) of G/Φ(G) such that
G/Φ(G) = (T /Φ(G))(E/Φ(G)) because F (G)/Φ(G) is a direct product of minimal normal subgroups
of G/Φ(G). Let p be the prime dividing the order of T /Φ(G). Since MΦ(G) is contained in T but M
is not contained in Φ(G), it follows that T = MΦ(G). On the other hand, by [8, IV, 5.18], we have that
M ∩ E is contained in M ′ . This implies that M ′ = M ∩ E = Φ(M) = M ∩ Φ(G) because M is nilpotent.
Consequently, M/M ′ is a p-chief factor of G which is G-isomorphic to T /Φ(G). In particular, M is a
p-group. Now we consider G/C which is a (non-supersoluble) primitive group with unique minimal
normal subgroup H/C . Since M is not contained in C and MC/C is the supersoluble residual of G/C ,
we have H = MC . Therefore MC/C is G-isomorphic to M/M ′ . This implies that C = CE (M/M ′) be-
cause H/C is self-centralising in G/C . Applying [8, IV, 6.14] we have that the supersoluble hypercenter
ZU (G) is CE (M). Moreover by [8, V, 2.4 and 4.2], ZU (G) is the core of a supersoluble normaliser of G .
Since M is nilpotent, it follows that C = ZU (G). Hence M ′ = M ∩ C is contained in Z(M). If Z(M) is
contained in E , we have Z(M) M ′ and M ′ = Z(M) whereas if Z(M) is not contained in E , we have
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with M/M ′ a chief factor of G .
Now suppose that C contains a non-central complemented chief factor of G , U/V say. Since G/C is
not supersoluble and is isomorphic to a quotient of a complement of U/V in G , a complement of U/V
in G is a subgroup of G that is neither subnormal nor supersoluble, a contradiction. Hence C contains
no non-central complemented chief factors. Consequently we have established that G satisﬁes (i) of
the theorem.
The remainder of the proof involves a detailed examination of the structure of M/M ′ as an E-
module. We begin with an easy observation that we will use frequently. Suppose that H is a subgroup
of E and the restriction (M/M ′)H of M/M ′ to H is completely reducible as an H-module. Then
(M/M ′)H is irreducible, the direct sum of one-dimensional irreducibles or has exactly one irreducible
proper submodule of dimension greater than one with all other irreducibles trivial. For suppose that
(M/M ′)H has an irreducible proper submodule U/M ′ of dimension greater than one. If V /M ′ is
a complement for U/M ′ in M/M ′ (as modules for H), then UH is not supersoluble and so must
be subnormal in G and so in MH . Since every minimal normal subgroup normalises every subnormal
subgroup [8, A, 14.3], we have (UH)/M ′ is normalised by V /M ′ and hence [UH, V ] (UH)∩ V = M ′
and so H acts trivially on V /M ′ .
For convenience, we assume in the rest of the proof that C = 1. Then G is a primitive group,
Soc(G) = M is the unique minimal normal subgroup of G , E is a core-free maximal subgroup of G
and M is an irreducible and faithful E-module. In particular, O p(E) = 1 and so E ′ is a p′-group
because E ′ is nilpotent. Let N be the nilpotent residual of E and F be a nilpotent projector of E .
Suppose that N = 1, that is, E is not nilpotent. Let S be a proper subgroup of N such that S is normal
in E . Consider B = M(S F ). Since S F cannot be contained in any normal subgroup of E , B must be
supersoluble. Since CB(M) = M , we have that O p′ (B) = 1 and so B/O p(B) is abelian of exponent
dividing p − 1. Hence B ′ is a p-group. This implies that S F is abelian because E ′ is a p′-group. Thus
every proper subgroup of N which is normal in E centralises F . Let A be a normal subgroup of E
such that N/A is a chief factor of E . Then A = CN (F ) because N is not central in E . It is clear then
that every chief factor of E below A is central in E . Consequently A is contained in the hypercenter
of E which is contained in F . Hence A  N ∩ F  N ′  A and so A = N ′ = Φ(N). Since N/A is cyclic,
we have that N is cyclic. This means that |N| = q for some prime q = p. Arguing as above, X = MF
is supersoluble. Hence the Hall p′-subgroup of F is abelian of exponent dividing p − 1. Moreover
Z = Z(E) = CF (N) and F/CF (N) is isomorphic to a subgroup of a cyclic group of order q − 1. Let
F p be the Sylow p-subgroup of F . Then CFp (N)  O p(E) = 1. Hence F p is abelian and |F p | divides
q − 1. This implies that F is abelian of exponent dividing pα(p − 1), where pα is the highest power
of p dividing q− 1, and F/Z is a cyclic group of order dividing pαd, where d is the greatest common
divisor of p−1 and q−1. Now MZ is supersoluble because MF is supersoluble. Hence MZ is a direct
sum of one-dimensional irreducibles, all of them faithful. This forces Z to be a cyclic group of order
dividing p − 1 [8, B, 9.4].
Next consider M as N-module. Suppose that |M| = pn . If MN is irreducible, then n is the smallest
natural number such that q divides pn −1, that is to say that p has order n modulo q [8, B, 9.8]. If MN
is not irreducible, then MN is a direct sum of one-dimensional irreducibles. In this case pα = 1, q di-
vides p−1 and F is abelian of exponent dividing p−1. Consider D = NZ . Then MD is a direct sum of
one-dimensional irreducible D-modules. Since M is an irreducible E-module, there are subgroups A1
and B1 of E such that D  B1, B1 is a normal subgroup of A1 of prime index, MA1 irreducible and
MB1 a direct sum of one-dimensional irreducibles. Moreover r = |A1 : B1| divides p − 1. By Lemma 2,
we have that n = r, p = r = q. This completes the proof of (ii).
Now suppose that E is nilpotent. If E is non-abelian, then there exists a prime q dividing |E| and
a Sylow q-subgroup Eq of G which is non-abelian. Since M is faithful and irreducible as E-module,
E has order prime to p and hence q = p. For notational convenience, we put Q = Eq . Then by Clif-
ford’s theorem [8, B, 7.31] M is completely reducible as Q -module and all irreducible submodules are
of the same dimension. It then follows that M is irreducible as Q -module. By Lemma 3, n is divisible
by q. Thus if J  Q is a central subgroup of order q, M J is reducible and hence is a direct sum of
modules of dimension 1. Hence q divides p − 1. Since MQ is irreducible and M J is a direct sum
of irreducibles of dimension 1, we can ﬁnd subgroups U and V of Q such that V is normal in U ,
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have that n = q. Thus Q is isomorphic to a non-abelian subgroup of GLq(p). Moreover Eq′ must be
abelian. Then Eq′  Z(E). Applying [8, B, 9.4], Eq′ is cyclic. This completes the proof of (iii).
Finally, suppose that E is abelian. Since E is faithfully and irreducibly represented on M , E is cyclic
of order prime to p. Since we cannot have |E| dividing p − 1 (or M would be of order p), we must
have |Eq| does not divide p − 1 for some prime divisor q of |E| and for a Sylow q-subgroup Eq of E .
By Clifford’s theorem, for any prime r, we have M (as Er-module) is completely reducible and all
irreducible modules have the same dimension and so either |Er | divides p − 1 or M is irreducible as
Er-module. If q divides p−1 and M is irreducible as Eq-module then (arguing as in the proof of (iii)),
n = q (and then there can be only one such prime). If q does not divide p − 1, then the restriction
of M to a subgroup of order q of E must remain irreducible and hence we must have p of order n
modulo q. This completes the proof of (iv).
In the other direction, we suppose that G satisﬁes (i) and one of the other conditions of the
theorem. Suppose that E , M , N , C , Z and F are as in the statement of the theorem. In particular,
M/M ′ is an irreducible G-module. We prove:
(∗) If H is a subgroup of G , then (M/M ′)H is either irreducible or has all composition factors
one-dimensional.
M/M ′ as H-module has the same structure as HC/C-module. Therefore we can assume that C = 1.
In this case M ′ = 1. Moreover MH = M(MH ∩ E) and M as H-module has the same structure as
(MH ∩ E)-module. Hence we may assume that H is a subgroup of E . Suppose ﬁrst that G satisﬁes (ii)
of the theorem. Then N is a cyclic subgroup of order q and N = E ′ . Suppose that N  H . Then H
is normal in E . If MN is irreducible, then MH is irreducible and (∗) holds. Suppose that MN is not
irreducible. Then, by Clifford’s theorem, there exist irreducible submodules {T1, . . . , Ts} of MN such
that MN = T1 ⊕ · · · ⊕ Ts , dim Ti = dim T j . Since M is faithful for N , it follows that T1 is faithful for N
and so p has order dim T1 modulo q. Since dim T1 = n, it follows that q divides p − 1 by (ii) and n
is a prime. This implies that dim Ti = 1 for all i ∈ {1, . . . , s} and (∗) holds. Suppose now that N is not
contained in H . Then H is abelian of exponent dividing pα(p − 1). If R/S is an H-composition factor
of MH , then O p(H)  CH (R/S) and H/CH (R/S) is abelian of exponent dividing p − 1. This implies
that dimension of R/S is 1 and (∗) also holds in this case.
Next suppose that G satisﬁes (iii) of the theorem. Since E is nilpotent, H is subnormal in E and if
M is reducible as H-module we can ﬁnd subgroups K and L with H  K  L, K normal of prime index
in L and M irreducible as L-module and reducible as K -module. By Clifford’s theorem all irreducible
submodules of M as K -module have the same dimension and then must all be one-dimensional. Thus
as H-module M is a direct sum of one-dimensional modules.
Now suppose that G satisﬁes (iv) of the theorem. Since E is cyclic, H is normal in E . Suppose
that |H| is divisible by a prime q such that q does not divide p − 1. Then M is irreducible as Eq-
module for the Sylow q-subgroup Eq of E and p has order n modulo q. Let M1 be an irreducible
submodule of MHq , where Hq is a Sylow q-subgroup of H . Then M1 is faithful by [8, B, 9.4] and
dimM1 is the smallest natural number such that |Hq| | (pdimM1 − 1). Then n  dimM1 and M is
Hq-irreducible. In particular, M is H-irreducible. Consequently we may assume that q divides p − 1
for all primes q dividing |H|. If |H| divides p − 1, then every H-composition factor of MH is one-
dimensional because H is cyclic. Suppose that there exists a prime q dividing |H| such that the order
of the Sylow q-subgroup Hq of H does not divide p − 1. Then, by (iv), M is irreducible as Eq-module,
where Eq is the Sylow q-subgroup of E . Moreover n = q. On the other hand, by Clifford’s theorem,
MH is completely reducible and all its irreducible submodules have the same dimension. Since M
has dimension q, it follows that either MH is irreducible or MH has all its irreducible submodules of
dimension 1. Therefore (∗) holds in this case.
Now let H be a non-supersoluble subgroup of G . If all the composition factors of M/M ′ as
H-module are one-dimensional, then MH has all chief factors cyclic and so is supersoluble, giving H
supersoluble also. Then we must have M/M ′ irreducible as H-module. If W is the supersoluble resid-
ual of H , then W  M and so WM ′/M ′ is an H-submodule of M/M ′ . If W  M ′ then W = 1 since
all G-chief factors contained in M ′ are cyclic. Hence WM ′ = M and then since M ′  Φ(M) we have
W = M . If N  M ′ then G/M is nilpotent and so H/M is subnormal in G/M , giving H subnormal in G .
Hence we may suppose that N is not contained in M ′ so that G satisﬁes (ii) of the theorem. If NC
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pα(p − 1). But then M/M ′ would not be an irreducible H-module, a contradiction. Thus NC  HC
and HC is subnormal in G . It is rather easy to see that HC satisﬁes the conditions of the theorem.
Hence if HC < G , we can argue by induction to conclude that H is subnormal in HC and so in G .
Therefore we may assume that G = HC and H < G . Since M ′  H but C is not contained in H , we
can ﬁnd a chief factor A/B of G such that M ′  B < A  C , B  H and A is not contained in H .
Note that the group G/B satisﬁes the conditions of the theorem. Thus if B = 1, we have that H/B
is subnormal in G/B by induction (note that H/B is not supersoluble). Hence H is subnormal in G .
Consequently we may assume that B = 1. Now HA satisﬁes the conditions of the theorem. Assume
that HA is a proper subgroup of G . Then H is subnormal in HA. If, in addition, we choose H to be
of maximal order among the non-subnormal non-supersoluble subgroups of G , we conclude that HA
is subnormal in G and so H is subnormal in G , a contradiction. Consequently G = HA. Then A is
complemented in G . By (i), A is central in G . This means that H is normal in G , a contradiction. This
completes the proof of the theorem. 
Proof of Theorem2. Suppose that G is a group in G . Then G ∈ F because every PST-group is supersol-
uble. Suppose that G is not a PST-group; we will use the structural information given by Theorem 1.
Suppose ﬁrst that G is not supersoluble. We let 1 = M be the supersoluble residual of G , E a super-
soluble projector and C = CE (M/M ′). Note that we have M a p-group for some prime p and since E
is not subnormal it is a PST-group.
Suppose that the nilpotent residual NC/C of E/C is not trivial. Then |NC/C | = q for some prime q.
For convenience we assume in this case that C = 1. Since F is not subnormal in E we have that MF
is a PST-group. Suppose that the Hall p′-subgroup F p′ of F is non-trivial. Then F p′ acts as power
automorphisms on M . In particular, F p′  Z(E). Since E is not nilpotent, it follows that p divides |F |.
Then, if F p′ = 1, MF contains both central and non-central p-chief factors, a contradiction. Thus F is
a p-group. It then follows that p divides q − 1 and so q does not divide p − 1, giving p has order n
modulo q. Note that Z(E) = 1 and so, by Theorem 1, F is a cyclic p-group. This establishes (i).
Suppose now that E/C is nilpotent and non-abelian. Then E/C is a p′-group and, by Theorem 1(iii),
there exists a prime q = p such that (E/C)q (the Sylow q-subgroup of E/C ) is non-abelian and the
Hall q′-subgroup of E/C is cyclic. Moreover q divides p − 1. We put K/C = (E/C)′ ∩ Z(E/C). Then
K/C is a q-group and all irreducible submodules of M/M ′ (as K -module) are one-dimensional and
non-trivial. If M ′ < L < M with L normalised by K then LK is not subnormal and so is a PST-group.
Then by Lemma 5, L is abelian and K acts as a group of universal power automorphisms on L. Since K
centralises every chief factor below M ′ , it follows that M ′ = 1 and M is a minimal normal subgroup
of G .
Assume that q > 2. Then, since (E/C)q has cyclic centre, we apply Lemma 4 to conclude that
E/C contains a non-central subgroup X/C of order q such that M as an X/C-module (and also as
an X-module) has at least two non-isomorphic irreducible and faithful X-submodules. We then have
that M has a subgroup T normalised by X such that X does not act as power automorphisms on T
and M/T is not centralised by X (note that dimM = q). But then T X is not subnormal in G and is
not a PST-group, a contradiction. Hence we must have q = 2. This establishes (ii).
If N  M ′ and E/C is abelian then G satisﬁes the conditions of Theorem 1(iv) since G ∈ F . Suppose
now that some prime q divides both |E/C | and p − 1. Let H/C = 〈hC〉 be a subgroup of order q
in E/C . Then H acts as a group of power automorphisms on M/M ′ . Suppose (mM ′)h = mβM ′ with
β = 1, m ∈ M . Then if u, v ∈ M\M ′ we have [u, v]h = [u, v]β2 . This means that if M ′ < L < M then
LH is neither subnormal nor PST-group, a contradiction. Thus M ′ = 1 and (iii) holds.
Now suppose that G is supersoluble so that M = 1 and E = G . Then N , the nilpotent residual of G ,
is nilpotent and since G is not nilpotent N = 1. Let q be a prime such that Nq = 1. Suppose that the
Hall q′-subgroup N0 of N is non-trivial. If N0/K is a chief factor of G then N0/K is a non-central
complemented chief factor and if L is a complement for N0/K in G , we have that Nq  L and Nq is
contained in the nilpotent residual of L. Since L is a PST-group we have that Nq is an abelian Sylow
q-subgroup of L (and hence of G) on which L (and hence G) acts as a group of power automorphisms.
This is true for each prime dividing |N| and so if N is not a q-group then G is a PST-group. Thus N
is a q-group for some prime q. Let F be a nilpotent projector of G . If N is cyclic then G acts on N
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Nq F is not subnormal it must be a PST-group. But if Nq = 1 then Nq F contains both central and
non-central chief factors, a contradiction. Thus |N| = q and so N is a minimal normal subgroup of G .
If N is not cyclic, then N contains subgroups K1 and K2 with K1 = K2 and N/Ki a complemented
chief factor of G for i = 1,2. Then Ki F is a PST-group for i = 1,2 and there exists i ∈ {1,2} such
that Ki is the nilpotent residual of Ki F because F does not centralises N . Therefore F acts as power
automorphisms on Ki . If K1∩K2 = 1 then G is a PST-group by Lemma 5, a contradiction. Consequently
K1 ∩ K2 = 1, |N| = q2, N is elementary abelian and q does not divide |F |. Moreover, F does not act as
power automorphisms on N .
In the other direction, suppose that G ∈ F and satisﬁes one of the conditions of the theorem; we
use the notation of the theorem. We prove G ∈ G by induction on |G|. Suppose that G /∈ G and let H
be a non-subnormal subgroup of G which is not a PST-group. Let us choose H of maximal order. Since
G ∈ F we have that H is supersoluble.
Assume ﬁrst that G satisﬁes (a) and (i) of the theorem. Then G is not supersoluble and so HC is
a proper subgroup of G . If H is a proper subgroup of HC , then HC should be subnormal in G by the
choice of H . Let A be a maximal normal subgroup of G containing HC . Then M is contained in A.
If N is not contained in A, then (A/C) ∩ (E/C) is a subnormal subgroup of E/C which is normalised
by NC/C by [8, A, 14.3].
Thus (A/C) ∩ (E/C) CE/C (NC/C) = NC/C , a contradiction. Therefore MN is contained in A and
so A satisﬁes conditions (a) and (i) of the theorem. By induction H is subnormal in A and so in G ,
a contradiction.
Consequently C is contained in H . Assume that M is not contained in H . Then MH is subnormal
in G by the choice of H . Then, since NC/C is self-centralising in E/C , we have that N is contained
in MH and so MH satisﬁes the conditions (a) and (i) of the theorem. By induction H is a PST-group
or H is subnormal in MH , a contradiction. Therefore M is contained in H and H = M(H ∩ F C).
Moreover N is not contained in H because H is not subnormal in G . This means that H/C is a
p-group and so C = 1. Now M centralises every chief factor of H and so each chief factor of H below
C is actually an (H ∩ F C)-chief factor. Then H is a PST-group because H ∩ F C is a PST-group.
Now suppose that G satisﬁes (a) and (ii) of the theorem. Since H is subnormal in G if M is
contained in H , we must have H ∩ M < M . If H ∩ M = 1 then H is nilpotent and so H is a PST-group,
a contradiction. If H ∩ M = 1 then since |M| = p2 we have |H ∩ M| = p and so H acts as power
automorphisms on H ∩ M . Since E is a p′-group, H/(H ∩ M) is a p′-group. Thus H is a PST-group,
a contradiction.
Assume that G satisﬁes (a) and (iii). If M is not contained in HC , then HC is a PST-group because
it is conjugate to E . Hence H is a PST-group, a contradiction. This implies that M is contained in HC .
On the other hand, there exists a prime q dividing |E/C | and a Sylow q-subgroup A/C of E/C such
that M/M ′ is an irreducible A/C-module. Now consider the subgroup HA of G . It is clear that HA
is a proper subgroup of G because H is supersoluble. Moreover HA satisﬁes the hypotheses of the
theorem. Since H is not a PST-group, it follows that H is subnormal in HA. By the choice of H , we
have that A  H (otherwise HA would be either subnormal in G or PST-group). This is a contradiction
because H is supersoluble.
Suppose then that G is supersoluble and N is a minimal normal subgroup of G of order q. Since
H is a non-subnormal subgroup of G we have H ∩ N = 1 and so H is nilpotent, a contradiction. If
N is elementary abelian of order q2 then |H ∩ N| = q. Since q does not divide |F |, we have that
H/(H ∩ N) is a q′-group and so H is a PST-group, ﬁnal contradiction. This completes the proof of the
theorem. 
Proof of Corollary 1. Suppose that G ∈ H but G is not a PT-group. We keep the notation of Theorem 2,
so that M is the supersoluble residual of G , E a supersoluble projector of G , C = CE (M/M ′), N the
nilpotent residual of E and F a nilpotent projector of E .
Suppose that G is a PST-group. Then G is supersoluble, so that E = G and M = 1. If G is not
nilpotent, then F is not a subnormal subgroup of G , and so it is a PT-group. This means that F has
all Sylow subgroups modular. By Lemma 5(ii), G is a PT-group, a contradiction. Consequently if G is a
PST-group, then G must be nilpotent and so (i) holds.
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of Theorem 2 and F is a PT-group. Then the Sylow r-subgroups of G for the primes r = p are Sylow
r-subgroups of F and so are modular groups. If N is a minimal normal subgroup of G , then |N| = q
and N× Fq , where Fq is the Sylow q-subgroup of F , is the Sylow q-subgroup of G . Since Fq is modular,
we have N × Fq also modular. If N is not a minimal normal subgroup of G then N is the Sylow q-
subgroup of G . Consequently the Sylow subgroups of G are modular. Assume now that G satisﬁes (a).
Then G must satisfy one of the conditions (i), (ii) and (iii). We prove that G cannot satisfy (i). Suppose
that this is not true. For convenience we assume C = 1. Then |N| = q and MF is a maximal subgroup
of G . It is clear that MF is not subnormal in G and so MF is a PT-group, that is, MF is a modular
group. In particular, F acts on M as power automorphisms and hence F centralises M , a contradiction.
If G satisﬁes (ii) or (iii) of Theorem 2, E is a PT-group and so the Sylow subgroups of E are modular
groups.
In the other direction we may assume that G is neither a PT-group nor nilpotent and so G satisﬁes
either (a)+ (ii) or (a)+ (iii) or (b) of Theorem 2 and E has modular Sylow subgroups. Let H be a non-
subnormal subgroup of G . Since G ∈ G , H is a PST-group and then since subgroups of modular groups
are modular groups H has modular Sylow r-subgroups for all primes r different to p. The Sylow p-
subgroups of G are the direct product of a modular group with an elementary abelian p-group (and
so modular by Iwasawa’s theorem [17, 2.4.13]) unless M is non-abelian. Hence G satisﬁes (a) + (iii).
In this case, we have that E (and hence G) acts on N as (non-trivial) power automorphisms and then
since M ′  E and E is a PST-group, we have E (and hence G) acts on M ′ as power automorphisms
and M ′ = N is the Sylow p-subgroup of E . Suppose that H does not act irreducibly on M/M ′ . Then
MC = HC because G satisﬁes (iii) of Theorem 2. In particular, M = HpM ′ for a Sylow p-subgroup Hp
of M (note that M is a Sylow p-subgroup of G). Hence M  H and G/M is nilpotent, giving H
subnormal, a contradiction. Consequently H acts irreducibly on M/M ′ and we have H ∩ M = M or
H ∩ M  M ′ . Since H ∩ M = M because H is not subnormal in G , it follows that H ∩ M  M ′ and so
H ∩ M is an abelian Sylow p-subgroup of H . Therefore H is a PT-group. 
Proof of Corollary 2. Suppose that G ∈ J and G is not a T -group. Then G ∈ H. By Corollary 1, either
G is a PT-group or G is nilpotent or G satisﬁes (a) + (ii) or (a) + (iii) or (b) of Theorem 2. We still
keep the notation of the above results.
If G is a PST-group, then, arguing as in Corollary 1, we have that G is nilpotent.
Assume that G is not a PST-group. If G is supersoluble, then E = G , G satisﬁes the condition (b) of
Theorem 2 and F is a PT-group. Therefore the Sylow r-subgroups of G for primes r = q are Dedekind.
If N is not a minimal normal subgroup then it is an elementary abelian Sylow q-subgroup and so
is Dedekind. If N is a minimal normal subgroup, then a (non-trivial) Sylow q-subgroup Fq of F cen-
tralises N and is Dedekind. Thus N × Fq is a Sylow q-subgroup of G and is Dedekind. Thus the result
holds in this case.
Suppose that G satisﬁes (a) + (ii). Then E is a T -group and has order coprime to p. Thus the
Sylow q-subgroups of E (and hence of G) for primes q = p are Dedekind. The Sylow p-subgroup M is
elementary abelian and so the result holds in this case.
Now suppose that G satisﬁes (a) + (iii). If M is a minimal normal subgroup of G , then E/C is a
p′-group and so a Sylow p-subgroup of G is M × Ep for a Sylow p-subgroup Ep of E . Since E is a
T -group, Ep is Dedekind. Hence M× Ep is also Dedekind. Therefore G has Dedekind Sylow subgroups.
If M is not abelian then all Sylow q-subgroups of G for q = p are isomorphic to Sylow q-subgroups
of E and hence are Dedekind groups. Note that it is only in the case that M ′ = 1 that G can contain
a non-Dedekind Sylow p-subgroup; for all other cases and all primes different to p Sylow subgroups
are Dedekind.
In the other direction, suppose that G satisﬁes the conditions of the corollary and G is not neither
a T -group nor a nilpotent group. Then G ∈ H and so any non-subnormal subgroup H is a PT-group.
If G satisﬁes either (a) + (ii) or (a) + (iii) or (b) of Theorem 2 with abelian supersoluble residual
then all Sylow subgroups of G are Dedekind and hence so are those of H . Since H is a PT-group by
Corollary 1, it follows that H is a T -group. If G satisﬁes (a) + (iii) and the supersoluble residual is
non-abelian, then for any prime q = p the Sylow q-subgroups of G and hence of H are Dedekind. Note
that by Theorems 1 and 2, p − 1 is coprime to |E/C | and then E/C is a q-group and p has order n
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in C , then H is a PT-group and if M/M ′ is an irreducible H-module we have that H ∩ M = M or
H ∩ M  M ′ . Since H is non-subnormal, we have that H ∩ M = M . Thus H ∩ M  M ′ and so H ∩ M is
an abelian Sylow p-subgroup of H . Therefore H is a T -group. 
Proof of Theorem 3. Suppose that G ∈ Δ and G is not nilpotent. We let M be the nilpotent residual
of G and F a nilpotent projector of G . If G is not supersoluble then a supersoluble projector of G is
nilpotent and M is the supersoluble residual of G . Since G ∈ G , we have that G satisﬁes (a) + (ii) or
(a) + (iii) of Theorem 2. Hence G satisﬁes condition (i). To prove that G also satisﬁes (ii) we assume
C = 1 for convenience. Suppose that F is non-abelian. Then |M| = p2 and F is a p′-group. Moreover
F is a direct product of a non-abelian 2-subgroup F2 and a cyclic group of order dividing p−1. Let T
be a normal subgroup of order 2 in Z(F ). Since M is faithful, it follows that there exists a subgroup L
of M such that LT is neither subnormal nor nilpotent, a contradiction. Hence F is abelian and so
F is cyclic of order dividing pn − 1, where |M| = pn . Moreover G satisﬁes conditions (a) + (iii) of
Theorem 2. Let q be a prime dividing |F |. Suppose that p has not order n modulo q. Then M is
not Q -irreducible for a subgroup Q of order q in F . Then since n > 1 it follows that there exists
a subgroup L of M such that LQ is neither subnormal nor nilpotent, a contradiction. Consequently
G satisﬁes (i) and (ii). Now if G is supersoluble we can argue as in the ﬁrst part of Theorem 1 to
conclude that G also satisﬁes (i). Now (ii) follows from the fact that M is cyclic of order p.
In the other direction, suppose that G satisﬁes the conditions of the theorem and let H be a non-
subnormal subgroup of G . If H ∩ M is not contained in M ′ , then H  MC , since if not we have H
acting non-trivially on M/M ′ and hence by (ii) irreducibly. But then M  H and since G/M is nilpo-
tent, H/M is subnormal in G/M , a contradiction. Thus H  MC and since M and C are nilpotent
normal subgroups of G , H  F (G) and so is subnormal, a contradiction. Thus we may assume that
H ∩ M  M ′ . Since M ′  F , we have that M ′ contains only central chief factors of F and hence of G .
Thus H ∩ M contains only central chief factors of H and H/(H ∩ M) is nilpotent, giving H nilpotent.
This completes the proof of the theorem. 
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